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The article is concerning a functions Z(x) represented in the form of the 
transformation of Laplace LZ(x). For the wide class of the functions S(t) it is 
proved, that sinus-transformation applied to cosines-transformation applied to 
LL(t) is equals to cS(t),c=const. 

Keywords: transformation of Laplace , inverse formula 

1. INTRODUCTION . 

In the article we consider a functions ,[1] : 

OG 

T{t) = LS{x) = j e~^'-'S{x)dx,t G [0,c5o), 



where 



oo 



\S{x)\dx < oo,(l.l) 







and S{0+) = 0. 

The first result of the article is an equality 

LF^LF+K{s) = (27r)2x(~s), s e {Q, oo), LF+K{ix) = 2ttK{s),s<^ (-oo,cx)), 

OO 

F±Z{t) = j e^''''Z{t)dt, 

— OO 

if the K{p) function can be written in the form 

oo oo 

K{p) ^ J e-P'ds J e-''''S{v)dvRep > 0, 



if forS{v) is valid (1.1) , if S{0) = 0, and the dS{v)/dv exist for all v € [0, oo), 
(the theorems 1 and 3 ). 

The second main result is the quick new inverse formula of Laplace's trans- 
formation : 

oo oo 

J s'mstdt J cosxtdxLT{t) = S{s),s € (0, oo). 



(The traditional conditions of the formula can be found ,for instance , in 
[(Lavrentiev,Shabat) ,1] ) . 
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2. SOME THEORETICAL THEOREMS . 

We use the designation 

oo 

r(s) = LZ{x) = j e-'^Z{x)dx,s G [0,oo), 



Theorem 1. 

oo oo 

j e-'^dt j e"*K{ix)dx = 2'KK{s), for all s € (0, cx)), 

-oo 

if the function K{p) can be represented as 

oo 

K{is) = J Z{x)dx, for all s e (-00,00), 


where the function K(p) is regular in Di = {p : Rep > 0}, and 

00 

j \Z{x)\dx 



(2.1) 



< 00. 



Proof. 

From (2.1) and the formula of Fourier's transformation we have 



00 00 



27rZ(s)= j e"'K{ix)dx= j e'""' j e-''''Z{t)dt = Z{s)I{s), s & {-00,00), 

— 00 —00 

where /(s) = 1, s > 0, I{s) = 0, s < 0. 

Now, from the definition of the regular function K{is) we have the theorem 

1 : 

CO 00 00 

K{is) = j e-''''Z{x)dx = (l/27r) j e""^ j e''''K{ix)dx, 
-00 

and 



00 00 



27r j e-P''Z{x)dx = 2itK{p) = j e-^"^ j e''''K{ix)dx,p = r e (0,oo). 



The theorem 1 is proved. 
Lemma 1 



K±{p) = j e-P*dt j e^'''*S{v)dv = {Tlli) j e^'^'dt j e'*" S{v)dv = k±{p), 



p = X £ {0, oo) , if 

oo 

j \S{v)\dv < 00. 



Proof. 

From the condition (1.1) for the function S{v) with help of the ordinary 
methods [(Fihtengoltz,v.2),6] we can to change the hmits of integration in K±{x) 
and 



oo oo 



K±{x)= J e-^'Ut J e^'''*S{v)dv = j S{v)[-ll{-x ±iv)]dv, 





where 



oo oo oo 

K±{x)= j S{v)[-l/{Ti){Tix-v)]dv = {l/Ti) j S{v)dv j e(=F*^-'')*dt 



To change the hmits of integration in the last integrals we use so ordinary 
methods (see, for instance, [(Kaminin), 7] ) ; ( wc give the proof of the fact in 
additional part of the article ). 

Now, we have 

oo oo 

K±{x) = (l/±i) j e^'^'^dt j S{v)e-''*dv,x e (0,cx)). 



The lemma 1 is proved. 
Lemma 2 
If 



OO 

J \Siv)\dv < 00,5(0) =0, 



and the dS{t)/dt exists for all v £ [0, oo), we have 
1. 

The functions (p) = fc_ (p) from the lemma 1 are regular in the domain 
D- = {—tt/2 < argp < tt}, and continuous on the boundary {p : argp = 
—7r/2\Jargp = tt}; the functions K+{p) = k+{p) from the lemma 1 are regular 
in the domain _D+ = {—tt < argp < n/2}, and continuous on the boundary 
{p : argp — — ttIJ argp = tt/2}, 

( We can omit the condition S(0)=0, but the special proof of the fact is from 
the matter of the article and will be considered in the next publication.) 
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2. 

OO OO 

For the functions ^^^(x) = / e'^^'"'S{v)dv and Z2{x) = J e''"'' S{v)dv, the 



condition (1.1) is vahd : 



oo 

/ 



Zj(x)\dx < oo,j = 1,2. 



Proof. 

First of ah, we prove the continuation of the function K± (p) on the boundary 
of Di = {p : — 7r/2 < argp < tt/2}, and the continuation of the functions 
and k-{p) on the boundary of domains D3 = {p : —n < argp < 0} and 
£>2 = {p : < argp < it}. 

We use an equaUties 

00 00 00 

5(0) = 0, sup [ e-P*dt [ e'''*S{v)dv = sup [ e-P'[{S' {0)/t'^)+ 

p:Rep>oJ J p:Rep>oJ 

NO N 

00 

dt j e'''^S'\v)dv/t^ (2.2) 







< J[{S'{0)/r)+ J \S'{v)\dv/t^]dt-^0,N -^00; 

N 

and we obtain,that 

00 00 

lim K{p) = Um k{p) = K{is) = [ e-''^dt [ e'''*S{v)dv,s e [0,oo). 



The condition (1.1) for the internal integrals of considered functions it follows 
as above from 5(0) = and Zj{x) < Cj/x^, Cj = const., a; — >■ 00, j = 1, 2. 

Let's prove K±{p) = k±{p) in the considered domain. 

From the lemma 1 k±{p) = K±{p), for all the p : p = s, ,s G (0, 00). 

The functions K-{p), K^{p) are obviously regular in the domain Di = {p : 
— 7r/2 < argp < 7r/2}, and the functions k-{p),k+{p) are obviously regular: 1. 
in the domain D2 = {p : Q < argp < tt}, 2. in the domain D3 = {p : — tt < 
argp < 0}, (it follows from the obvious existence of the derivation of K±{p) 
and k±{p) in the domains). 

Let's consider K+{p). If K+{p) = k+{p),p = s G (0,oo), and 

00 DO 

limfc+(p) = (-1/i) j e-'^^dt j e-^'"S{v)dv = k+{s),s& [0,cx)), 
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the lemma 1 for K+{p), is proved. It follows from the existence of the analytical 
continuations of k+{p),Kj^{p) from the domain = {p : — 7r/2 < argp < 0}, 
( where the both functions are regular) , to the domain {p : < argp < 7r/2}, 
where the analytical continuation of K^{p) exists as the same function K^(p) 
determined and regular on C £>!,; the analytical continuation of k+{p) is 
,flrst, the function kani{p) = k+{p) p G D^, second kan2{p) = K+{p),p G 
= Di\Dt:, where 

lim kani{p) = lim k+{p) 

oo oo 

= {-l/i) j e-'^'dt j e-'" S{v)dv = K+{p) = 



= lim K+{p)= lim kan2{s), sG(0,oo), 

p—^s:lmp>0 p— >5:/mp>0 

and we have k+{p) = kaniip) = kan2ip),P G r>*U-^** = -^i) with the help 

of well-known theorem [(Lavrentiev,Shabat),l] about the analytical continua- 
tion from the boundary p = s G (0, cx)) of the two functions kani{p)ikan2{p) '■ 

kan\{s) = kan2{s), S G (0, Oo). 

We obtain k+{p) = K+{p),p <E Di. 

Now, the fc+(p)— function is regular in D3, continuous by lemma 1 on the 
second boundary p : p = —s, s G [0, 00), and k+{p) = K+{p),p G Di, Dif]Ds = 
Df, = {p : —tt/2 < argp < 0.} For the function K+{p) the lemma 2 is proved. 
For the if _ (p)-function the lemma 2 are proved in the same way. 

Remark. 

00 00 

K{-s) = K+{-s) = - J e-'^'dx J e-''"S{v)dv = -K-{s), s G (0, 00). 



Proof. 

By lemma 2 and the definition of k± (s) 

00 00 

K{-s) = K+{-s) = k+{-s) = j e+^'^dx j e-'''=S{v)dv = -k-{s), s € {Q,oo). 



The same values on real axis by lemma 2 are equal to — A;_(s) = —K_(s),s G 
[0,00). 

Now, we can proof the theorem 2. 
Let 

LK{x) = J e-^'^K{x)dx,ue (0, 00), F_Z(a;) = j e-'™Z(a;)rfa;, u G (-00,00), 
-00 

00 

F+Z{x) = J Z{x)dx,u G (-00,00). 
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( We write simple K{p) instead of K+{p). ) 
Theorem 2. 

Let K{p) = K+{p). In the conditions of the lemma 2 
1. 

OO 

LF+K{x) = 27r y e"*Z{t)dt = 2nK{-is), s G (0, oo), 



or 

oo oo 

j e-'^dt j e''=*K{x)dx = 2nK{-si),se{0,oo), 



where 



oo 

Z{x) = Z+{x) = j e+'''*S{v)dv,x G {0,oo),Z{x) =0,xe (-oo,0). 



2. 

LF_K{-ix) = 2tiK{s),s G (0,oo), 

Proof. 

Prom the lemma 1 and lemma 2 

oo oo 

K{p) = k+{p) = (-l/i) j e-'P*dt j e-*''S{v)dv p e D+ = {-tt < argp < 7r/2}, 



and from the lemma 2 the function is regular in D+. Therefore, for the function 

k{p) = k^{p/i),p £ _D_ = {— 7r/2 < argp < n}. arc regular in _D_, Di C -D-, 
the conditions of the theorem 1 arc holds and LF+K{ix) = k{x),x G (0,oo). 
With help K{ix) = k+{x) = K{x), k{x) = k^{—ix),x G (0,cx)), the equality 
LF+K{x) = 2nK{-is), s e (0,oo), is proved. 

Prom the definition of K{—is), —is G £>+, s G (0, oo), in lemma 1 we have 

oo oo oo 

2TTK{-is) = 2TTK+{-is) = j e'^'dt j e+''''S{v)dv = '^t^ j e'"* Z{x)dx, , s e (0,oo). 



The part 1 is proved. 

The prove of the part 2 wc repeats the prove of the theorem 1 with the chang- 

oo oo 

ing the signs in operators F+ and in / e~^^'^Z{x)dx on F- and / e^^'^* Z{x)dx; 



(we use, that in conditions of theorem 1 F+F-Z{x) = F-F^Z{x) for all the real 
values of arguments ). 

Prom the theorem 1 and 2 we have the theorem 3. 

Theorem 3. 

In the conditions of the lemma 2 
1. 

LF+LF+K{is) = {2-KfK{-is), s G (0, oo). 
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or 



OO CX3 OO OO 

j e-'*dt j e'^^^dx j e-^'^du j e'''"K{iv)dv = {2nfK{- is), s £ {0,oo), 





2. 



LF_LF+K{s) = {2-KfK{s), s G (0,oo), 



or 



OO OO OO OO 

j e-'^dt j e-"*da; j e^'^'^du j e'''''K{v)dv = {2Tr fK{s),s € {0,oo), 

— OO — OO 

Proof. 

The part 1 of theorem 3 it follows from the theorem 1 and the part 1 of the 

theorem 2. 

The part 2 of the theorem 3 it follows from the part 1 and part 2 of the 
theorem 2. 

3. THE QUICK INVERSE FORMULA FOR THE TRANSFOR- 
MATION OF LAPLACE. 

In the section we use the designation K{p) — K+{p). 

The quick inverse formula of the transformation of Laplace it follows from 
the second main result of the article - the theorem 4 .To prove it we need a 
propositions 1,2,3. 

Proposition 1 . In the condition of the lemma 1 without the condition 
5(0) = 



lim j smetdt j e^'*"" S{v)dv = Q. 



With help of the above methods we can prove the proposition 2. 
Proposition 2. In the conditions of lemma 2 we have 



OO 

j \K{x)\dx 



< OO, (3.2) 



(the condition (1.1) for the function S{v) = K{iv) will be considered in future 
publications.) 

( In the conditions of lemma 2 with 

OO OO 

j S{v)dv = 0,J vS{v)dv < OO. (3.3) 
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with help of the formula of integration by parts the (3.2)- formula can be proved 
and it is holds 



J \K{x)\dx < oo, J \K{ix)\dx < oo, 



but in the article we do't consider the proofs.) 

Proposition 3 . In the condition of lemma 2 -f!r-|-(0) = K{0) = 0. 
Theorem 4 . 

In the conditions of the lemmas 1-2 

{±l/i)F-LF+K{x) = 2'kK{x), x G (0,oo). 

Proof. 

From the theorem 3 and the definition of K(ji) we have 



oo 



LF_LF+K{s) = {2'KfK{s) = L j e''"*S{v)dv, s e (0,oo). 





To use the usual inverse formula of transformation of Laplace [(Lavrentiev,Shabat),l] 
and omit the operator C, first of all,we check the existence of '^^-^^+^(-^) ^ f g 
(0,oo). 

OO 

To prove / \F-LF^K{s)\dt < oo, with help of the part l)-a) of theorem 2 

— oo 

( or from the definition of K{—ix)), we use 

oo oo 

F_LF+K{s) = F_K{-ix) ^ j e-'^^'dx J e'''''Z{u)du = 2TrZ{t),t & {0,oo), 

-oo 

(by lemma 2 from the condition (1.1) for Z{x) = Z^{x) the inverse formula for 
the Fourier's transformation is valid ). And from the definitions of Z{t) in part 
l)-a) of theorem 2 we obtain 



oo 



Z(t) = / e+""S{v)dv, X e (0, oo),Z{x) = 0, x G (-oo, 0). 



The function has dZ'-'^\t)/dt'-''\t G (0, oo), for the all n = 1, 2, . . . . 

From the condition (1.1) for the S'('(;)— function it is obviously Z{t) 0, 
as t 00, and, by usual inverse formula of transformation of Laplace [(Lavren- 
tiev,Shabat),l,p.466,theorem 2], we obtain, that C operator mast be omitted 
and 



F_LF+K{s) = (27r)^y e+'''^S{v)dv, s G (0, 



In the future publications it will be proved 



00). 
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Theorem 5. 

In the conditions of lemma 2 for the regular in the complex plane without 
the finite sets of non- regular points the function S{p) we have 
1. 

oo oo 

LL{S{v)) — "^ J sinstdt J cosxtS{x)dx,s G (0,oo), 



2. 



J sinstdt J cosxtS{x)dx = dm a{p) , Re a{p) = S{p),p = s G (0,oo). 





ADDITIONAL PART. 

To prove 



oo oo 



K±{x) = {1/Ti) J S{v)dv J e(^'^-^)*rft = (1/Ti) J e"'dt J e"'' S{v)dv,x € (0, 







,x 0, we use the two facts : 
the first, 



l/^/N 



lim J S{v)dv J e^^*^-'')*^* = Jim J S{v)dv J e(=F*^-'')*di+ 

ON ON 

oo oo 

lim / S(v)dv [ e(=F'^-'')*di < 



JV-foo 

1/Vn 



N 

1/Vn 



lim max (|[-e(=F'^-'')^/(Ti)(T«a; - u)]] / \S{v)\dv+ 

JV^oo^£(0,i/v^) J 



oo oo 

lim J S{v)dv j e(=F"-'')*dt < 



JV- 

1/Vn 



N—^oo 



1/VN oo 

Jim [(1/x) J \Siv)\dv+ J \Siv)\\e'^^'''-^^^/{Ttx-v)\dv] = 

1/Vn 

oo 

o(l) + lim / \S{v)\dve-^^^/xdv = 0,xG (0, oo); 

JV— >-oo J 

1/Vn 



the secondary, 

oo N R N N R 

J S{v)dv J e^^'''-''^*dt = ^lim j S{v)dv j e^^F^^-^'^Mi = ^lim j e^'''*dt j S{v)e-''*dv 



AT oo Af oo Af oo 

= j e^^'-^'dt j Siv)e-'''dv-\im J e^^'-^'dt j S{v)e-'''dv = J e^'^^'dt J S{v)e-'"dv, 

OR 

where we use,that the hmited integral exists, and 

JV oo JV oo 

J e=F'^*rfi J S{v)e-''*dv< J e-^^dt J \S{v)\dv^O, R^oo. 

OR OR 

Fincly,froni the existence of the limit in the definition of K±{x) we have the 
existence of the finite hmit 

AT oo oo oo 

K±{x) = (1/t«) Jim J e^^'-^'dt j S{y)e-''*dv = {\/±i) j e=F*^*rft j S{v)e-''*dv. 
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